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NOMENCLATURE

q, constant having a dimension (time)™';

A, dimensionless constant;

¢, Cp, skin friction coefficients in the x and y direc-
tions, respectively

£ dimensionless stream function ;

S surface mass transfer parameter;

F,s, dimensionless velocity components in the x
and y directions, respectively ;

Fy Sus surface velocity gradients in the x and y
directions, respectively:

F,, S., surface skin friction parameters in the x and y
directions, respectively;

g, dimensionless enthalpy ;

s enthalpy at the wall at time * = 0:

G G enthalpy gradient and heat transfer parameter
at the surface, respectively; -

n, enthalpy;

Roer value of h, at t* = 0

N, ratio of the density-viscosity product;

Pr, Prandtl number:

s heat transfer rate at the wall;

r, distance from the axis of the body of revolution
(r > x near the stagnation point);

Re,, local Reynolds number ;

St, Stanton number ;

1, t*, dimensional and  dimensionless  times,
respectively

u, v, W velocity components in the x, y and z direc-
tions, respectively;

X, ¥, 2, longitudinal, tangential and normal directions,

respectively.

Greek symbols

£ 81,89,€3, CONStants (positive);
1, dimensionless similarity variable;
A, dimensionless rotation parameter ;
i, viscosity ;
v, kinematic viscosity ;
0, density :
Tor Ty shear stresses in the x and y directions,
respectively ;
¢, d1. ¢,, functions of t*;
w, index of the power-law variation of viscosity ;
wy, angular velocity at t* = 0;
w*, frequency parameter.
Superscript

s denotes differentiation with respect to #.
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Subscripts
e, denotes conditions at the edge of the boundary
layer
w, denotes conditions at the surface z = n = 0;
0, denotes conditions at the stagnation point.

1. INTRODUCTION

THE FLOW, heat and mass transfer characteristics of the
unsteady laminar compressible stagnation-point boundary
layer over a rotating body of revolution are important in re-
entry problems of spacecrafts and missiles. To the authors’
knowledge, no detailed analysis of this problem is presented
in the literature. However, particular cases of the above
problem in which either the flow is steady or the body is
stationary have been studied by a number of investigators
[1-3]

The aim of the present analysis is to study the unsteady
laminar compressible stagnation-point boundary layer flow
over a rotating body of revolution (sphere) with mass transfer
when the free-stream velocity, the rotation of the body, the
surface mass transfer, and the wall temperature vary arbit-
rarily with time. The effect of the variation of the
density-viscosity product across the boundary layer has been
included in the analysis. The partial differential equations
governing the flow have been solved numerically using an
implicit finite difference scheme [4, 5]. The results have been
compared with the existing results wherever available [3, 6].
This analysis is relevant to the heat transfer problem for large
re-entry vehicles, because it was shown by Scala and Work-
man [1] that the effect of moderate rotation on the heat
transfer is not significant for small re-entry vehicles.

2. GOVERNING EQUATIONS

We consider the unsteady laminar compressible boundary
layer flow at the stagnation point of a rotating body of
revolution (sphere) with variable gas properties (p o T,
« T® Pr = 0.72) and with mass transfer under the
assumptions that the incident stream, rotation of the body,
surface mass transfer and wall temperature vary arbitrarily
with time. It is also assumed that the dissipation terms are
negligible at the stagnation point and the external flow is
homentropic. The equations governing the above flow can be
expressed in dimensionless form as [1, 3, 5]

(NFY+@fF +27 [dlg— F*)+ ¢~ (dg/dr*) (g F)
+ A9t ¢is? — OF/ar¥] =0, (la)
(NSY + ¢fs' — 271 [2¢Fs
+ @1 (dg,/dt¥)s+ds/0r*] = 0, (1b)
Prot(Ng) + ¢fg — 271 dg/or* = 0. (lc)
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The boundary conditions are:
F=0,5=1, g=g,¢,(t*) for n=0

g=gu®,(r*) n at * > 0. 2)
F=g=1,5=0 asn—>x

It is assumed here that initially the flow is steady and then
changes to unsteady at t* > 0. Hence, the initial conditions
for F,sand g at t* = Oare given by the steady-flow equations
obtained by putting

O(t*) = ¢,(t*) = Po(t*) = |,
d/dr* = dep,/dr* = 0, 8/or* = 0

(3

in equation (1). Here the condition 8/ét* =0 at t* =0
implies that all the derivatives of the dependent variables with
respect to ¢* vanish. Consequently, the initial conditions (i.e.
steady state equations) can be expressed as

(NFY + fF + 27 Y (g—F*+1%%) =0, (4a)
(NSY + fs — Fs = 0, (4b)
Pre'(Ng)y +fg' =0. (4c)
Here
n =27 (p.a/p.)? f (p/p.) dz, t* = at, (5a)
[

u = ax(t*) F(n, t*), v = w x¢,(t*) s(n, t*),
w= =272 (p /pNu.afp)'? [20(t*)fn, t¥)+ dn/or*],
hth, = g(n, t*), F(n, t*) = f'(n, t*),a = (du,/dx); = 0,(5b)
u, = axg(t*), N = pu/pu. = g°7%, £ = o//a,

f= f "Fdn + fur o = A

0

(5¢)

A= —27"2(Re,)'*[(pw)/peluc)r — o), Re; = ax?/v..

(5d)
It may be noted that for a stationary body, A = 0 and
equation (1b) becomes inessential since s is not interesting in
this case. We note that for the axisymmetric stagnation point
flow, without loss of generality, the free-stream velocity
distribution u, can be taken to be of the form given by
equation (5¢). It may be remarked that w = 0.5 for high-
temperature flows, @ = 0.7 for low-temperature flows, and
w =1 represents the simplification of a constant
density-viscosity product [7]. Both ¢ and ¢, are arbitrary
functions of time representing the nature of the unsteadiness
in the external stream and in the rotation of the body,
respectively, and have a continuous first derivative for * > 0.
Here the normal velocity at the wall (pw),, is selected in such a
way that (ow),/[p.(u.)* =] is a constant and hence 4 can be
considered as a constant (4 2 0according to whether there is
suction or injection). Consequently, the mass transfer para-
meter f,, varies as ¢~ (t*),
The skin friction coefficients in the x and y directions and
heat transfer coefficient are given by

C = 2Tx/[pe(uf)t'=0] =232

X (Re,)~'12 §(t*) 95~ " (1*) F,, (6a)
Ci = 20 /[p(ud) o] = 2°7
x (Re,)™ ' Ap(t*) p3™" (1*)S,,, (6b)
8t = qu/[(he = hyo)pelc) —0]
=2'"%Re )2 Proi(L — g,) " 957 L (1%)G,. (6¢)
where
T, = p,(0u/0z),, t, = p,(0v/0z),, (7a)
Qw = iy Pr=1(0h/02),, F, = g2 ' F,,
Sw=92""s. G, =92 g, (7b)
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3. RESULTS AND DISCUSSION

The set of equations (1) was solved numerically under
boundary conditions (2) and initial conditions (4) using an
implicit finite difference scheme which has been fully de-
scribed by Marvin and Sheaffer {4] and Vimala and Nath [5].
Hence, for the sake of brevity, it is not presented here. We
have considered the following distributions of the free-stream
velocity rotation of the body and wall temperature

O(*) = 1 + et*)% o(t*) = 1 + &, sin? (w*r*), (8)
¢, (t*) = 1+83(t*)2, (%) = 1 —gyt*.

Computations were carried out for various values of the
parameters characterizing the problem. To ensure the con-
vergence of the finite difference scheme to the true solution,
several values of the step size An and Ar* were employed and
optimum values of Ag(An = 0.02) and At* (At* = 0.05) were
obtained.

In order to test the accuracy of the present method, the
skin friction and heat transfer results for the steady flow over a
stationary body (A = 0) in the absence of mass transfer (4
= 0) have been compared with those of Bade [6] and for the
unsteady flow with those of Meena [3] and they are found to
be in excellent agreement (the comparison is not shown here
for the sake of brevity). We have also compared our skin
friction and heat transfer results for the unsteady flow over a
2-dim. body (cylinder) with those of series solution method
[8] and we find that the series solution method overestimates
the fluctuations of the skin friction and heat transfer over the
steady mean (see Fig. 1). The difference between the two
results is more pronounced for skin friction than for heat
transfer.

Some representative skin friction and heat transfer results
(F,, =S, G,)for constantly accelerating free-stream velocity
distribution @(t*) = 1 + &(t*)* have been presented in Figs.
2(a—c). These figures show that the body rotation parameter
has strong effect on the skin friction parameters F, and — S,
whereas its effect on the heat transfer parameter G, is rather
weak. The reason for this weak dependence is that the
dissipation parameter near the stagnation point has been
neglected as it is considered to be small. Furthermore, the
variation of the density-viscosity product across the boun-
dary layer (w # 1) for the rotating body (4 #0) exerts a strong
influence on F,, —S;, and G, whereas its effect on them when
4 = O (stationary body} is relatively weak. The effects of the
time-dependent rotation of the body (¢,(t*) = 1+&,(¢*)%,
¢,>0) and constant rotation of the body (¢,(t*) = 1) on F,,

12

* 0

=

Txw I(TXW)I’LO’ Ay /(Qy)y

o
»

FiG. 1. Comparison of skin friction and heat transfer results

for a cylinder with series solution (dashed lines) for ¢(t*) =

1+¢ cos{w*t*), 4 = 0,9, = 2.003, » = 1.0, Pr = 0.714, w*
=568 =01
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FiG. 2. (a) Skin friction parameter in the x direction Fy, (b)
skin friction parameter in the y direction —S§,, and (c) heat
transfer parameter G, forg,, = 02,4 = 0,5and 10,4 = 0, Pr
=072 ¢(t*) = 1| + et*)*(t* 2 0);¢ = ¢, = 0.25; 5 = 0.05.
Lo = 10,¢,(%) = 1 + &,(t%) (* > 0), p{t*) = 1.0;
-, = 05, ¢,(t*) = 1 + &%) (* = 0), ¢,(t*) = 10;

o = 10,$,(t%) = $,(t*) = 1.0, — ——
=05, ,(t%) = ,(*) = 1.0; — A——, & = 1.0, ¢,(t*)
=14 5(*) (1) = 1= est* (*20); — [ —— o =

0.5, ¢ (t*) = 1 + g,t*2, d,(t*) = 1 —g5t*(t* 2 0).
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— 8, and G, are also shown in Figs. 2(a, b). These figures
indicate that the values of F,, —S,, and G, for ¢,(t*) =
1 + &,(t*)? are greater than those for ¢,(¢*) = 1. We also find
that for ¢,(t*) = 1, F,, decreases as t* increases, whereas it
increases for @, (¢*) = 1+ &,(t*)2. This difference in behaviour
is due to the net increase or decrease in the boundary layer
thickness with time. It is well known that the rotation of the
body decreases the thickness of the boundary layer, but it
(boundary-layer thickness) increases with time. The effect of
the variation of the wall temperature with time (¢,(t*) = 1 —
£31*) is appreciable only on G, (Fig. 2¢) whereas its effect on
F,, and — &, is small and they are almost coincident with
those of constant wall-temperature case [¢,(¢*) = 1] on the
scale used here, and therefore they are not shown here.

The effect of mass transfer on F,,, — S., and G, for ¢(t*) =
1 + g(r*)* has also been studied (not shown in figures for lack
of spacet). As expected, suction (4 > O)increases F,, — S/, and
G., whereas injection (4 <0) does the opposite. The effect of
suct}on or injection is more pronounced on G/, and — S, than
on F,.

It is evident from the results for ¢{(t*) = 1+ ¢, sin? (w*t*)
that the skin friction parameters F, and — S, respond more
to the fluctuations of the free-stream velocity as compared to
the heat transfer parameter G,.1

It has been observed that there is a velocity overshoot in the
longitudinal velocity profiles F for 1> 0 (rotating body) and
the velocity overshoot is reduced as w increases from 0.5 t0 1.0
or t* increases.t Similar effects have been observed by Back
[9] for the steady state case in an analogous situation where
the fluid is rotating and the body is stationary. However, no
velocity overshoot occurs when 4 = O (stationary body)
whatever may be the values of the other parameters which is
the same as observed by Bade [6]. The reason for the
occurrence of the velocity overshoot can be explained as
follows. The flow in the boundary layer and in the free stream
is subjected to the same longitudinal pressure gradient
(—0p/ox = p, Oufot* + pu, Ou/0x). However, in the
boundary layer, viscous effects reduce the tangential velocity
and thus the acceleration term (pv?/x). Consequently, the
longitudinal pressure gradient causes larger longitudinal flow
acceleration to occur in the boundary layer than that present
without tangential velocity even though the shear stress tends
to balance the longitudinal pressure gradient near the surface.

4. CONCLUSIONS

The rotation of the body exerts a strong influence on the
skin friction, but its effect on the heat transfer is compara-
tively weak. On the other hand, the effect of the variation of
the wall temperature with time [¢,(t*) = 1 —e,t*, t*>0] on
the heat transfer is appreciable whereas the skin friction is
very little affected by it. The variation of the density—viscosity
product across the boundary layer strongly affects both the
skin friction and heat transfer. Suction increases the skin
friction and heat transfer but injection does the reverse. There
is a velocity overshoot in the longitudinal velocity profiles
which increases as the rotation of the body increases.
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NOMENCLATURE
g, gravitational acceleration;
h, local heat transfer coefficient at solid—liquid
interface ;
k, thermal conductivity of liquid phase;
k., thermal conductivity of solid phase;
Nu,, local Nusselt number, hx/k;

n, normal to interface;
Pr, Prandtl number;

Ra,, local Rayleigh number, [gB(T, — T*)x*/v*]Pr;
r, radial coordinate;

Fos radius of cooled tube;

T, temperature ;

Tos wall temperature of containment vessel;

T,, wall temperature of cooled tube;

T*, fusion temperature;

T, temperature outside of boundary layer;

X, axial coordinate measured downward along
cooled tube.

Greek symbols

B, coefficient of thermal expansion ;

d, local thickness of frozen layer;

v, kinematic viscosity.
INTRODUCTION

IT 1s Now well established that natural convection plays a key
role in both freezing and melting processes [1]. In the case of
freezing, natural convection occurs in the unfrozen liquid into
which the solidification front advances, provided that the
temperature of the liquid exceeds the phase-change tempera-
ture. For melting, natural convection will occur in the liquid
melt, except, perhaps, for very thin melt layers where heat is
transferred by conduction alone.

For either freezing or melting, the liquid-filled volume in
which the natural convection takes place is not of elementary
shape (such as, for example, rectangular or annular en-
closures). The non-elementary nature of these liquid volumes
is related to the fact that at least one of the boundaries of the
volume is the phase-change interface. In the presence of
natural convection, the interface is, generally, a curved surface

which does not coincide with a coordinate surface (e.g., a
surface where one of the coordinates is constant). Another
feature of the phase-change interface is that its shape may
change with time as freezing or melting progresses. As a
consequence of the shape of the liquid volume, it appears that
the heat transfer coefficients needed for the analysis of
natural convection-affected phase change cannot be taken
directly from the literature on natural convection in single-
phase systems where relatively regularly shaped domains
have been considered.

Natural convection heat transfer coefficients specific to
melting have been investigated experimentally to a moderate
extent and, aside from the recent experiments of [ 2], this work
has been brought together in [1]. In addition, numerical
solutions for the conjugate conduction-natural convection
problem associated with melting about a vertical cylinder
have been carried out [ 3,4]. On the other hand, as is apparent
from [1], there is a paucity of work on natural convection
heat transfer coefficients related to freezing.

The present paper reports on natural convection heat
transfer coefficients measured in experiments on freezing
about a cooled vertical tube which is situated in a liquid
phase-change medium that is maintained at a temperature
above the fusion value.

THE EXPERIMENTS

The apparatus used for the experiments is an adaptation of
thatemployed in an earlier study with different objectives [5].
In order to facilitate the subsequent presentation and dis-
cussion of the results, it is useful to give a brief description of
the apparatus here.

Figure 1 is a schematic drawing of the apparatus with a
data run in progress. The main components of the apparatus
are: (1) a cylindrical containment vessel for the phase-change
medium, (2) a constant temperature water bath which serves
as an isothermal environment for the containment vessel and
which maintains the surface temperature of the vessel at a
constant value T, that is higher than the fusion temperature
T*, and (3) a circular tube which is positioned along the axis
of the containment vessel during a data run and which is
water-cooled so that its surface temperature T, is lower than



